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HIGHER SCHOOL CERTIFICATE
TRIAL EXAMINATION

2003
MATHEMATICS

EXTENSION 2

Time Allowed: Three hours
(Plus 5 minutes reading time)

Directions to Candidates
Attempt all questions
ALL questions are of equal value

All necessary working should be shown. Marks may be deducted
for careless or badly arranged work.

Standard integrals are provided
Board-approved calculators may be used

Each question is to be returned on a separate sheet of paper
clearly labelled, showing your Name and Student Number.




Question 1.

@) Evaluate fxz Inx dx

(b)

l16x

Find the partial fraction decomposition of P Hence show that
x —
J‘ﬁ_?iéx__ dx = log (EJ
4 x* —~ 16 L\ 3
© Ealuate [ 2= S &
“4Jx + 5
(d)FindI 5 - 2 dx
J5 + 2x - &
e) (i ne2 _
© @ Prove that Isec"x = XX taln X! Jsec"‘zx dx
n — —

(il) Hence find J‘-\faz + x2 ax (let x=a tan 9)

Question 2

(a).

(b).

A function /) is defined by f(x) = ‘28X fr x>0
X

Prove that the graph of f{x) has a relative maximum turning point atx = ¢ and 4

3
point of inflectionat x = eé .

Discuss the behaviour of f{x) in the neighbourhood of x = 0 and for large values
of x.
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(c)  Hence draw a clear sketch of f{x) indicating on it all these features.

(d)  Draw separate sketches of the graphs of

. log, x
(i) _ |08 X
x
.. x
@ v o= -
og, x

{Hint: There is no need to find any further derivatives to answer this part.)

(©)

X

What is the range of the function y =
log, x

Question 3

(a) Solve the following equation for Z giving your answer in modulus — argument

form.
Z+Z+1=0

If Z, = 2[c052?7r + z'sin%r] and

Z, = (cos—’-r— + isin£]
3 3

express your answer to the following in the form a +ib

0 iz @ A

k4
) The equation 7’ —37° + 72— 5 = 0 has one root equal to (1 — 2i).
Factorise the equation.

(d) Sketch the locus of Z suchthat]z ~ 2 - 2i| = 2
(i) find the range of |Z|

(ii) find the range of ARG Z
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(1) express (f ~ 17 in the form x + iy 2

.. . Z - 2 .

(i1) findthelocusof Z if W = — giventhat W is purely
3

imaginary.
QUESTION 4.
2 y2

I = 1. Ifevery cross

3
section perpendicular to the base is a semi circle, with its diameter at right angles
to the major axis of the ellipse, find the volume of the solid by slicing,

A solid has a base in the shape of the ellipse x_z +
a

(b) The circle x? +3° = 4 is rotated about the line x = 3 to form a torus. Show that 3
the volume of the torus is 24,

(c) (continued on next page)
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A drinking glass having the form of a right circular cy]inder of radfus'a and

(c) height h, is filled with water. The glass is slowly tilted over, spilling
water out of it, until it reaches the position where the water's surface
bisects the base of the glass. Figure 1 shows this position,

Figure 1

Water surface

Note: EG 1L CH at F Note: FH /{ CO, CO = a, and OD = h

In Figure 1, AB is a diameter of the circular base with centre €, 0 is the
lowest point on the base, and D is the point where the water's surface
touches the rim of the glass,

Figure 2 shows a cross-section of the tilted glass parallel to vts base. Th,
centre of this circular section is C' and EFG shows the water level. The
section cuts the lines CD and 0D of Figure 1 4in F and H respectively,.

Figure 3 shows the section COD of the tilted glass.

(i) Use Figure 3 to show that FH = % (h ~ x), where OH = x . J
(1i) Use Figure 2 to show that C'F = %f and /HC'G = cos"l[f} . 2
(

(3i1) Use (ii) to show that the area of the shaded segment EGH is 3

o) - B - 7 ]
a [cos A F 1 h )
(iv) Given that fcos™'6de = Bcos™1e - /1 = 82, find the volume of water in the

tilted glass of Figure 1.
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Question 5

x2 yZ
/ The ellipse E has equation — + =“— = 1.
% 7 Thellips waon T Y75

(1) sketch the curve E, showing on your diagram the co ordinates of
the foci and the equation of each directrix,

(i)  find the equation of the normal to the ellipse at the point
P(5,7.5).

(i) find the equation of the circle that is tangential to the ellipse at
Pand Q (5, -7.5)

/A’/ The tangent to the hyperbola xy = ¢° at the point P (ct, € f ) intersects the axes in

@ and R and the normal at P intersects the line y =x in S.
Prove that PQ = PR = PS.

Question 6

(a) Giventhat P(x)=x*+2x>-12x*+ 14x-5=0has a triple root, find all its real
roots.
oy 8, &
If 8;=B;~*8"4re the roots of 2x’ + 3x* + x — 5 = 0, form the equation whose roots
2 iR 82 A S S
are «spesBieang? | @;ﬁ,} § }E‘?‘

(c) When a polynomial P(x) is divided by (x — 3) the remainder is 5 and when it is
divided by x — 4 the remainder is 9. find the remainder when P(x) is divided by
x—4)(x-3).

(d) IfZ=cos 6 +isin®, prove that Z" + Z™ = 2 cos n6, hence solve the equation
3223+ 472 -7 +3=0

Question 7
(a) . a + b . .
1.Prove that 5 > Jab if a and b are positive real numbers.
I ‘ 1 1 4
ii.Given that for x +y=cprovethat — + — > — for x>0,y>0
x y ¢
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(b)

Showthatforn>0,2n+3>2\/(n + I)(n + 2)

Hence, by induction prove that iw\}_— > 2(«/;1 + 1 - 1)
¥

r=1

(¢} Inthe diagram, BC is a fixed chord of
acircle, A isa variable point on the
major arc on the chord BC. BD L AC A
and CE L AB.
Prove that:

1) BCDE is a cyclic quadrilateral ‘\' 2

(i1) As A varies, the segment P
ED has constant length. B

(ili)  The locus of the midpoint of \ 5
ED is a circle whose centre is C

the midpoint of BC.

Question 8

Find the general solution to the equation sin 2x + sin 4x = sin 6x. 3

Wreeewlb) £ Z, = 3 + 4i and |Z,| = 13, find the greatest value of

(c)

(d)

2
|2, + Z|. If |2, + Z,| takesits greatest value, express Z; in the
form a + ib.
If & and 5@ aretherootsof x> — 2x + 4 = 0 prove that -
& + B = 2 cosZE.
e B
o
<V
Consider the function f(x) = & (1 - ﬁ}
(i)  Find the turning points of the graph of y = f(x). 2
(i)  Sketch the curve y =f(x) and label the turning points and any asymptotes. 1
=10
(iii)  From your graph deduce that &* < (1 - %) for x< 10 2
10 143
(iv) Using (iii) show that (%) < e < [—1-99] 2
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Staﬁdard integrals

sinaxdx

secZaxdx

secaxtanaxdx

Note: Inx

n+1

_ 1 xn+l’

=In(e+ Jx2- a?),

= In(x + /x% + a?).

= log x,

x>0

—a<x<a

x>a>0

Printed with kind permission of the Board of Studies.
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n#-]l; x20, ifn<Q
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